Let G be a planar graph with maximum degree ∆ ≥ 7 and without intersecting 3-cycles; that is, two cycles of length 3 are not incident with a common vertex. Then the total chromatic number of G is ∆ + 1.
Theorem 1. If a planar graph G contains no intersecting triangles and ∆(G) ≥ 7, then χ ′′ (G) = ∆ + 1.
In [13, 16] , the theorem is proved for ∆ ≥ 8. The theorem also generalizes a result of Bordin et al. [4] that, if a planar graph has girth at least 4 and ∆ ≥ 7, then χ ′′ (G) = ∆ + 1.
Proof of Theorem 1
We will introduce some more notation and definitions here for convenience. Let G = (V , E, F ) be a planar graph, where F is the face set of G. The degree of a face f , denoted by d(f ), is the number of edges incident with it, where each cut-edge is counted twice. A k-face or a k + -face is a face of degree k or at least k, respectively. Denote by n d (v) the number of d-vertices adjacent to vertex v, and by n f d (v) the number of d-faces incident with vertex v. In [16, 13] , Theorem 1 was proved for ∆ ≥ 8. So we assume in the following that ∆ = 7. Let G be a minimal counterexample to Theorem 1 in terms of the number of vertices and edges, that is, every proper subgraph of G has a total-8-coloring, but G does not. So G is 2-connected, and the boundary of each face in G is exactly a cycle (i.e. each face cannot pass through vertex v more than once). We first show some known properties of G. [3, 5, 6, 15] ).
(b) The subgraph G 27 of G induced by all edges joining 2-vertices to 7-vertices is a forest (see [3, 5] ).
then every face incident
with vv 1 or vv 2 is a 4 + -face (see [11] ).
(d) G contains no 3-faces incident with more than one 4-vertex (see [11] ).
(e) If v is a 7-vertex of G with n 2 (v) ≥ 1, then n 4 + (v) ≥ 1 (see [7] ).
(f) If a 7-vertex v is adjacent to three 2-vertices v 1 , v 2 , v 3 such that v, v 1 , v 2 are incident with the same face f , then f is a 6 + -face (see [8] ).
It follows from (b) that, for any component of G 27 , we root it at a 7-vertex. In this case, every 2-vertex has exactly one parent and exactly one child, which are all 7-vertices.
Proof. Suppose, to be contrary, that all vertices in {v 1 , v 2 , . . . , v k−1 } are 3-vertices. Let w be the neighbor of u except v in G. Then G ′ = G − uv has a total-8-coloring ϕ by the minimality of G, and ϕ(uw) does not appear at v. At the same time,
Then recolor vv k−1 with ϕ(vv 1 ), and vv i with ϕ(vv i+1 ), i = 1, 2, . . . , k − 2. Finally, recolor v 1 , . . . , v k−1 again and color uv with ϕ(vv k ), and it is easy to color u. Thus we find a total-8-coloring of G, a contradiction.
Since G is a planar graph, by Euler's formula, we have
we design appropriate discharging rules and redistribute weights accordingly.
Note that any discharging procedure preserves the total charge of G. If we can define suitable discharging rules to charge the initial charge function ch to the final charge function ch ′ on V ∪ F , such that ch ′ (x) ≥ 0 for all x ∈ V ∪ F , then we get an obvious contradiction.
For convenience, a k-face with consecutive vertices v 1 , v 2 , . . . , v k along its boundary in an anticlockwise order is often said to be a
. . , c k ) to denote that the vertex v i sends the face the amount of charge c i for i = 1, 2, . . . , k. Our discharging rules are defined as follows.
R1. Every 2-vertex receives 3 2 from its child and 1 2 from its parent.
R2
.  , (5 + , 5 + , 5 + ) → (1, 1, 1) .
 ,  .
In the following, we will check ch ′ (x) ≥ 0 for all x ∈ V ∪ F . First, note that our discharging rules are simply designed such that ch ′ (f ) ≥ 0 for all f ∈ F and ch ′ (v) ≥ 0 for all 2-vertices v ∈ V . In the following, we only check that ch ′ (v) ≥ 0 for 
If v is not incident with any 3-cycle, then v sends at most 1 to each of its incident 4 + -faces, and it follows that ch ′ (v) ≥ ch(v) − 1 × 6 = 0. If v is incident with a (3, 6 + , 6 + )-face f , then all other neighbors of v are 4 + -vertices by (c). So v sends at most 7 4 to f and at most 3 4 to each of its incident 4 + -faces, so ch
If v is incident with a (4, 5 + , 6 + )-face f , then v sends at most 3 2 to f and at most 3 4 to each of two 4 + -faces incident with f and v.
to all its incident 2-vertices by R1. Let v 1 , v 2 , . . . , v 7 be neighbors of v and f 1 , f 2 , . . . , f 7 be faces incident with v in an anticlockwise order, where f i is incident with v i and v i+1 , where i ∈ {1, 2, . . . , 7}. Note that all the subscripts in the paper are taken modulo 7.
. . , f k−1 by R3 and R4. Since 2 × 3 4 > 1 + 1 3 , v sends at most 3 2 
. . , f k−1 . By (e), we have n 2 (v) ≤ 6. So it suffices to consider the following cases. Case 1. n 2 (v) = 6. We have n f 6 + (v) ≥ 5 by (f) and n f
Otherwise, n f 6 + (v) ≥ 4, and v sends at most 7 4 to its incident 3-face f by R2. For Fig. 1(a) , we have n f 6 + (v) ≥ 3. If n f 3 (v) = 0, then all faces incident with v are 4 + -faces, and it follows that
and it follows that f 2 or f 7 receives at most 3 Fig. 1(b) and Fig. 1(d) , we have
There are four possible configurations, as shown in Fig. 2 .
For Fig. 2(a) 
) > 0 by Lemma 4. Otherwise, the 3-face incident with v is some f i (i ∈ {1, 2, 3}), and f i−1 or f i+1 receives at most 3 4 
For Fig. 2(b) , n f 6 + (v) ≥ 1. If n f 3 (v) = 0, then ch ′ (v) ≥ ch(v) − 3+2 2 − ( 3 2 + 2) − 3 2 > 0 by Lemma 4. Otherwise, let the 3-face incident with v be f i . Then, we must have i ∈ {1, 2}. If f i is the (4 + , 5 + , 5 + )-face, then f i receives at most 3 2 from v, and v sends at most 3 4 to every face in {f i−1 , f i+1 }. So ch ′ (v) ≥ ch(v) − 3+2 2 − 3 2 − 2 × 3 4 − 1 − 3 2 = 0. Otherwise, f i is a (3, 6 + , 7)-face. By Lemma 3, at least one face in {f 1 , f 2 , f 3 , f 7 } \ f i is a 5 + -face, or the unique vertex in {v 1 , v 2 , v 3 } \ {v i , v i+1 } is a 4 + -vertex. So ch ′ (v) ≥ ch(v) − 3+2 2 − 7 4 − max{ 3 8 + 3 4 + 1, 3 × 3 4 } − 3 2 = 0.
For Fig. 2(c) , n f 6 + (v) ≥ 1. If n f 3 (v) = 0, then ch ′ (v) ≥ ch(v)− 3+2 2 −2×( 3 2 +1) > 0 by Lemma 4. Otherwise, without loss of generality, assume that f 1 is the 3-face incident with v. If f 1 is the (4 + , 5 + , 5 + )-face, then ch ′ (v) ≥ ch(v) − 3+2 2 − 1 − 2 × 3 4 − (1 + 3
